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Abstract
The simulation of complex biological systems such as the description of blood flow in organs requires a lot of computational
power as well as a detailed description of the organ physiology. We present a novel Least-Squares discretization method for the
simulation of sinusoidal blood flow in liver lobules using a porous medium approach for the liver tissue. The scaling of the different
Least-Squares terms leads to a robust algorithm and the inherent error estimator provides an efficient refinement strategy.
1 Introduction
Modeling the hepatic blood perfusion is challenging [4] but a crucial part for the understanding of the complex microcirculation
processes and the development of treatment of possible liver diseases. Performing large scale simulations of the microcirculation
arises in applications of paramount importance involving the supply of hepatocytes (liver cells) with oxygen, nutrients or pharma-
ceuticals. However, a fully spatially resolved model of the complex microcirculation of the hepatic lobule, the functional unit of the
liver, on a very fine mesh would exceed the limits of current computational power and time. An inherent error estimator as in the
Least-Squares method then constitutes a major advantage. The continuum biomechanical model is based on [14] and [15], where
a multicomponent, multiscale and multiphase homogenization model in the framework of the Theory of Porous Media (TPM) for
blood micro-circulation in hepatic lobules is presented. Taking into account the porous structure and the hexagonal shape with inflow
at the outer edges (portal triad) and an outflow at the center (central vein), cf. Figure 1c, a Least-Squares approach with suitable
boundary conditions is validated using a single liver lobule. Least-Squares finite element methods are an attractive class of methods
for the numerical solution of partial differential equations, as they produce symmetric and positive definite discrete systems, possess
an inherent error estimator and are relatively easy to apply on nonlinear systems. We refer to [3] for a comprehensive overview.
2 Modeling Hepatic Lobular Sinusoidal Blood Flow
The multi-scale structure of the liver consists of cells, lobules, segments, and lobes. The liver cells (hepatocytes) are arranged along
so-called sinusoids. Sinusoids are capillary-like small blood vessels in the liver and form the liver lobules, the functional unit of the
liver. The liver structure is a highly complex structure that can be described as a porous medium similar to a capillary bed as in [11].
There a porous medium is typically a multiphase system where a mixture ϕ = ∪α∈{S,F} with a solid phase ϕS and the pore fluid
ϕF is assumed.
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Figure 1: a and b : different views of free-flow domain Ωf and porous domain Ωp and c Different size scales of the human liver
namely the organ scale including the macroscopic vascular, the porous lobule scale with a hexagonal shape and blood flow through
the sinusoids and the cell scale.
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Each constituent α ∈ {S, F} of the mixture is described by an individual motion function χα and velocity x′α and has a partial
density ρα. The local composition of the mixture is described by partial volumes V α and volume fractions nα. In our transvascular
model we have constant solidity nS and the porosity nF , as well as
∑
α n
α = 1 and ρ =
∑
α ρ
α. The mass balance of a constituent
α reads ∂ρ
α
∂t +∇ · (ραx′α) = ρˆα = 0 where ρˆα is a production term that accounts for interaction with the other constituents. Since
here the two constituents are immiscible, ρˆα vanishes. We further assume a rigid body motion as well as a quasi static description
with x′′α = 0. The balance of momentum for the constituent α reads
ρα
(
∂x′α
∂t
+ x′α · ∇x′α
)
= ∇ ·Tα + ραfα + pˆα + ρˆαx′α (1)
where pˆα accounts for the momentum production by interaction with other constituents. The stress tensor for a general fluid phase is
given byTF = TFµ −nF pF I = 2µFDF +λ (DF · I) I−nF pF I with the second Lamé constant λ. The fluid in the porous medium
follows the constitutive law and thus is given by pˆF = pF∇nF − nF 2µFK−1 (x′F − x′S) , with the fluid pressure pF , nF denotes
the porosity, µF the dynamic viscosity of the interstitial fluid and K the permeability of the porous medium. The mass balance of
the interstitial fluid reduces to∇ ˙(nFx′F ) = 0. Thus, the momentum balance for the interstitial fluid leads to (nFx′F ) = − KµF ∇pF .
The domain representing the porous capillary bed is denoted by Ωp, while the domain Ωf represents the blood vessel. Moreover, we
denote Ω = Ωf ∪ Ωp and Γ = Ωf ∩ Ωp. The blood in the sinusoid is a mixture of several components and its behavior is generally
non-Newtonian but can be assumed to behave as a Newtonian fluid. Moreover, as the linearisation of Least-Squares methods is
mostly straight-forward, we assume that the shear stress tensor τ is given by τ = 2µD(vf ) such that we obtain
−2µ∇ ·D(vf ) +∇pf = 0 ∇ · vf = 0 D(vf ) = 1
2
(∇vf +∇Tvf) in Ωf (2)
with the hydrostatic pressure pf . It remains to find interface conditions to couple the domain Ωf and Ωp representing a selective
permeable membrane and leading to the well-posedness of the problem. Following [11] we describe the vessel wall without spatially
resolving it : we neglect the slip velocity vf · τ = 0, consider the continuity of the normal velocity such that vf · n = (nFx′F ) · n
and the Beavers-Joseph-Saffman condition
−2µD (vf )n · n+ pf = µF ε
KM
vf · n+ pF
with the thickness of the vessel wall / sinusoid ε and the intrinsic permeability of the capillaries KM . We obtain the following
coupled system.
−2µ∇ ·D (vf ) +∇pf = 0 in Ωf
−∇ · vf = 0 in Ωf vf · n = (nFx′F ) · n on Γ
µF
K
(nFx′F ) +∇pF = 0 in Ωp −2µD (vf )n · n+ pf =
µF ε
KM
vf · n+ pF on Γ
−∇ · (nFx′F ) = 0 in Ωp vf · τ = 0 on Γ
(3)
This is in fact a Darcy- Stokes system as reviewed in [5]. Although for the Least-Squares method this is similar to [12], the additional
coupling term µiεKMvf · n has to be taken into account. Moreover, the different scaling require special care.
3 Least Squares Finite Element Method
In order to apply a Least-Squares Method to a first-order system corresponding to the system (3), we introduce the stress ten-
sor σf = 2µD (vf ) − pfI. Therefore, the first equation in (3) becomes ∇ · σf = 0. Moreover, with the deviator operator
devσ = σ − (1/2)(trσ)I the definition of the stress tensor becomes devσf = 2µD (vf ) due to the incompressibility of
vf . The incompressibility of vf also implies that the hydrostatic pressure is directly related to the trace of the stress tensor :
pF = −(1/2)(trσf ). In fact, both equations are sufficient to ensure the well-posedness of the method, see e.g. [2]. Finally, we
replace the filter velocity (nFx′F ) by vp. The first-order system therefore reads
−∇ · σf = 0 in Ωf devσf = −2µ∇ ·D (vf ) in Ωf
−∇ · vf = 0 in Ωf vf · n = vp · n on Γ
µF
K
vp +∇pF = 0 in Ωp −2µD (vf )n · n− 1
2
(trσf ) =
µF dM
KM
vf · n+ pF on Γ
−∇ · vp = 0 in Ωp vf · τ = 0 on Γ
(4)
We use the standard notation and definition for the Sobolev spaces L2(Ω), Hs(Ω) for s ≥ 0 and
H(div; Ω) =
{
τ ∈ L2(Ω)d : ∇ · τ ∈ L2(Ω)} .
We assume that the boundary of the domain Ω is split into a Dirichlet part ΓD and a Neumann part ΓN and write ΩF,D for the
intersection of ΓD with Ωp where an effective pressure p0f is imposed and Ωf,D for the intersection of ΓD with ΩS where an
effective pressure p0F is imposed. In the numerical example, p
0
f and p
0
F are piecewise constants such that these conditions can be
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Figure 2: Geometry for the bifurca-
tion case.
Figure 3: Initial meshes for Ωf and Ωp Figure 4: Effective pressure
built directly in the finite element space. Therefore, the Least-Squares methods seeks (σf ,vf ,vF , pF ) ∈ H := HΓN (div; Ωf )2 ×
H1ΓD (Ωf )
2 ×HΓN (div; Ωp)×H1ΓD (Ωp) such that the Least-Square Functional
F(σf ,vf ,vF , pF ) =‖∇ · σf‖2Ωf + ‖ devσf + 2µ∇ ·D (vf ) ‖2Ωf + ‖∇ · vf‖2Ωf + ‖∇ · vp‖2Ωp‖
µF
K
vp +∇pF ‖2Ωp
+ ‖2µD (vf )n · n+ 1
2
(trσf ) +
µF dM
KM
vf · n+ pF ‖2Γ + ‖vf · n− vp · n‖2− 12 ,Γ
(5)
is minimized in H. Note that the condition vf · τ = 0 is imposed directly in the space H1ΓD (Ωf )2. The underlying result for the
success of the numerical method is the following continuity and ellipticity of the Least-Squares functional.
Theorem 1. The Least-Squares functional defined in (5) is continuous and elliptic in H, equipped with the norm
|||(σf ,vf ,vF , pF )|||2 := ‖σf‖2div,Ωf + ‖vf‖21,Ωf + ‖vp‖2div,Ωp + ‖pF ‖21,Ωp . (6)
Proof. The proof is similar to the one in [2], [12] and [13]. Special care is needed for the term ‖2µD (vf )n · n + 12 (trσf ) +
µF dM
KM
vf · n+ pF ‖2Γ in the ellipticity proof. In fact, it follows from [13] Lemma 3.2. that
1
η
(
‖2µD (vf )n · n+ 1
2
(trσf ) +
µF dM
KM
vf · n+ pF ‖2Γ + ‖vf · n− vp · n‖2− 12 ,Γ
)
+ η‖vf · n‖0,Γ + η‖pF ‖0,Γ
≥− 2〈2µD (vf )n · n+ 1
2
(trσf ),
µF dM
KM
vf · n〉0,Γ − 2〈pF ,vp · n0,Γ〉
+
1
η|Γ|
(
(1− ρ)
(∫
Γ
pds
)2
− 1− ρ
ρ
(∫
Γ
n · (σf · n)ds
)2) (7)
for any sufficiently small η > 0 and ρ ∈ (0, 1). This can be inserted in the lower bounds for the two functional of the domains Ωp
and Ωf and completes the proof.
A further major advantage of this result is the inherent error estimator for any conforming discretization, in particular for
discretization in the space
Hh := (RT k−1(Ωf ))2 × P k(Ωf )2 ×RT k−1(Ωp)× P k(Ωp) (8)
for any k ≥ 1, as considered in the next section.
4 Numerical Results
This section is concerned with the validation of the Least-Squares approach by numerical results. The first numerical example
describes a capillary of length 1 mm before the bifurcation and surrounded by the tissue of the capillary bed, in analogy to [11].
Since the different terms of the Least-Squares Functional have different scaling, the domain is rescaled such that L = 2 and an
auxiliary solution is computed. A simple mapping transforms the solution to the original domain back. The boundary conditions
are chosen from [11]: the blood is flowing in the capillary through ΓD,f,1 where the effective pressure is set to 400 Pa to ΓD,f,2x
and ΓD,f,3 where it is set to −1600 Pa. On ΓD,F , the effective pressure pF is set to −933 Pa. The thickness of the vessel wall ε
is set to 6.0 · 10−7m. The second numerical example is constructed in a similar way, but takes the structure of the liver lobule into
account. In both cases, the results are shown in figure 5 and confirm the convergence of the method. The Least-Squares functional
as an error estimator leads to a mesh refinement around the interface as expected. Acknowledgement: Funded by Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Excellence Strategy – EXC 2075 – 390740016
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Figure 5: Initial meshes for Ωf and Ωp representing
the hexagonal-shaped liver lobule and the sinusoids
therein.
Figure 6: Effective pressure in the liver lobule with
periportal inflow and outflow at the central vein.
References
[1] K. Baber, Coupling free flow and flow in porous media in biological and technical applications: From a simple to a complex
interface description. Institut für Wasser und Umweltsystemmodellierung Mitteilungen, (2014).
[2] F. Bertrand, First-Order System Least-Squares for Interface Problems. SIAM Journal on Numerical Analysis 56.3 (2018).
[3] P. Bochev and M. Gunzburger, Least-squares finite element methods. Vol. 166. Springer Science & Business Media, 2009.
[4] B. Christ, U. Dahmen, K.-H. Herrmann, M. König, J. Reichenbach, T. Ricken, el al., Computational Modeling in Liver Surgery,
Frontiers in Physiology 8 (2017)
[5] M. Discacciati, and A. Quarteroni. Navier-Stokes/Darcy coupling: modeling, analysis, and numerical approximation. Rev. Mat.
Complut 22.2 (2009)
[6] L. Formaggia, A. M. Quarteroni and A. Veneziani, Cardiovascular mathematics. Number CMCS-BOOK-2009-001. Springer,
(2009a).
[7] W. Ehlers and A. Wagner, Constitutive and computational aspects in tumor therapies of multiphasic brain tissue. In Computer
Models in Biomechanics. Springer, Dordrecht. (2013)
[8] W. Ehlers and J. Bluhm Porous media: theory, experiments and numerical applications. Springer. (2002).
[9] K. Erbertseder, J. Reichold, B. Flemisch, P. Jenny and R. Helmig, A coupled discrete/continuum model for describing cancer-
therapeutic transport in the lung. (2012)
[10] L. Formaggia, A. Quarteroni, and A. Veneziani, Cardiovascular Mathematics: Modeling and simulation of the circulatory
system (Vol. 1). Springer Science & Business Media.
[11] T. Koch, Coupling a vascular graph model and the surrounding tissue to simulate flow processes in vascular networks, (2014)
[12] S. Münzenmaier, First-Order system least squares for generalized-Newtonian coupled Stokes-Darcy flow. Numerical Methods
for Partial Differential Equations, (2015)
[13] S. Münzenmaier, and G. Starke, First-order system least squares for coupled Stokes-Darcy flow, SIAM J Numer Anal 49
(2011).
[14] T. Ricken, U. Dahmen, and O. Dirsch, A biphasic model for sinusoidal liver perfusion remodeling after outflow obstruction,
Biomech Model Mechanobiol. 9 (2010)
[15] T. Ricken, D. Werner, H. G. Holzhütter, M.König, U. Dahmen, and O. Dirsch, Modeling function-perfusion behavior in liver
lobules including tissue, blood, glucose, lactate and glycogen by use of a coupled two-scale PDE-ODE approach, Biomech
Model Mechanobiol 14 (2011).
4
